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Abstract
We establish the existence of the classical solution for the pressure-gradient equation in a non-
smooth and non-convex domain. The equation is elliptic inside the domain, becomes degenerate on
the boundary, and is singular at the origin when the origin lies on the boundary. We show the solution
is smooth inside the domain and continuous up to the boundary.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
This paper complements the earlier work [8] of Song, the second author. Previously,
Song [8] established the existence of the weak solution P ∈ W 1,2loc (Ω) ∩ Cαloc(Ω), where
0 < α < 1, for the pressure-gradient equation (2) (see below). In addition, Kim, the first
author, proved the existence [3] with ˇCanic´, and the uniqueness [6] of the classical solution
for the class of quasilinear degenerate equations including the pressure-gradient equation
provided certain geometrical conditions on domains. In this paper we improve the result
of [8], namely the subsonic solution P to (2) is smooth inside the domain and continuous up
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by the result in [6].
Before we prove the result, we discuss a brief derivation of the pressure-gradient equa-
tion. As in paper [8], we consider a problem arising from the two-dimensional Riemann
problems of the compressible Euler equations

ρ
ρu
ρv
ρE


t
+


ρu
ρu2 + p
ρuv
ρuE + up


x
+


ρv
ρuv
ρv2 + p
ρvE + vp


y
= 0, (1)
where (u, v) is the velocity, ρ is the density, p is the pressure, and
E = 1
2
(u2 + v2) + p
(γ − 1)ρ
is the energy with γ > 1 constant. Separating the pressure from the Euler equations by
the flux-splitting scheme (for more information, see [1,11]), we get the pressure-gradient
equation
(P − ξ2)Pξξ − 2ξηPξη + (P − η2)Pηη + 1
P
(ξPξ + ηPη)2 − 2(ξPξ + ηPη)
= 0 (2)
by the self-similar coordinate system (ξ, η). Refer to papers [8,10,11] for the detailed
derivation of this equation.
The eigenvalues of the coefficient matrix of the second order terms of (2) are P and
P −ξ2 −η2. Thus Eq. (2) changes its type. Especially, Eq. (2) is elliptic when ξ2 +η2 < P ,
hyperbolic when ξ2 + η2 > P , and degenerate when ξ2 + η2 = P . In fact, the location of
the degenerating boundary is not known a priori so it forms a free boundary problem. We
discuss why this is the case below. Let us consider the system of equations that can be
derived from the pressure-gradient system (see [8,11])

ξuξ + ηuη − Pξ = 0,
ξvξ + ηvη − Pη = 0,
ξPξ + ηPη − Puξ − Pvη = 0.
This quasilinear system has three eigenvalues
Λ0 = η
ξ
and Λ± = ξη ±
√
P(ξ2 + η2 − P)
ξ2 − P .
Here, Λ± are the eigenvalues of Eq. (2). Let us consider the characteristics
dη
dξ
= ξη ±
√
P(ξ2 + η2 − P)
ξ2 − P .
Note that P = ξ2 + η2 does not satisfy Eq. (2) in an open set and dη/dξ = Λ± change
their types across the line P = ξ2 + η2. Between the elliptic and the hyperbolic regions,
there must be a transition, and the transition zone cannot be an open set. There, the sonic
line is expected to be curved. The characteristics dη/dξ = Λ± at the degenerate boundary
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line type characteristics.
P = ξ2 + η2 are perpendicular to the ray dη/dξ = Λ0 from the origin. Based on this fact,
it is expected that a free boundary forms as a convex curve between elliptic and hyperbolic
regions. Further analysis can be found in Chapter 6 of [11].
The problem we are considering in this paper, which we also studied in [8], is motivated
from the interactions of elementary waves such as shock waves, rarefaction waves, and
slip lines for the Riemann problems of the pressure-gradient equations [7,9,11]. Among
the interactions, we are dealing with the configuration from the interaction of rarefaction
waves. Since the elliptic region is formed by the interaction of rarefaction waves, we expect
that the solutions for the free boundary problem need to be continuous across the boundary.
As an example of such configurations, we impose a simple Riemann data
U = (u, v,P ) =
{
U0 = (u0, v0,0) if {ξ < 0, η < 0},
U1 = (u1, v1,1) otherwise, (3)
where ui and vi , i = 0,1, satisfy the quasi-one-dimensional rarefaction waves (see [8] for
details). The elliptic region is bounded by a sonic curve and two rarefaction waves (see
Fig. 1). One rarefaction wave forms in the 4th quadrant in the (ξ, η)-plane, ending at the
positive ξ -axis, and the other rarefaction wave forms in the 2nd quadrant, ending at the
positive η-axis. These two waves meet at the origin with a certain angle, which is bounded
above by 3π/2 and below by π/2. Our paper focuses on these types of configurations,
assuming the fixed boundary; that is, we consider Eq. (2) in the elliptic region Ω with the
boundary condition
P = ξ2 + η2 on ∂Ω, (4)
where the boundary is fixed, piecewise smooth, non-convex, and has finitely many corners.
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wave equation
ρtt = ∇
(
c2(ρ)∇ρ), where c2(ρ) = ∂p/∂ρ, (5)
which results from the 2-D compressible Euler equations (1), assuming irrotationality and
ignoring the terms quadratic in velocity (see [2] for the derivation). In self-similar coordi-
nates, (5) becomes[(
c2(ρ) − ξ2)ρξ − ξηρη]ξ + [(c2(ρ) − η2)ρη − ξηρξ ]η + ξρξ + ηρη = 0. (6)
Especially, if c2(ρ) = eρ , then (6) becomes the pressure-gradient equation (2). This implies
that Eq. (2) can be written in a divergence form. ˇCanic´ and Kim [3] showed the existence
of a classical solution for a general class of quasilinear equations including Eq. (6) which
is C2 inside the domain satisfying the uniform exterior cone condition. Furthermore, in
[3] they showed that the solution for Eq. (6) is continuous up to the boundary for convex
domains. Later Kim [6] studied the boundary behavior and the uniqueness of the solution
for this class of quasilinear equations including Eq. (6) and the pressure-gradient equation.
The uniqueness result was obtained by using an argument essentially similar to Serrin’s
sweeping principle. The only restriction for the domain is that it needs to be star-shaped
with respect to the origin. In this paper, we extend the result to more general domain cases
of pressure-gradient equations including the case when the boundary contains the origin.
We note that in [8,10] existence results for the pressure-gradient equations are obtained by
using the weak solution method.
It is not only noteworthy that this paper improves the result in [8] but that it also resolves
the case when the domain is not convex and the boundary contains the origin, which had
not been considered in any of the related papers [3,8,10].
2. Main results
This section consists of three major lemmas. First in Lemma 2.1, we show that the
solution P to (2) is smooth, that is, a C2-solution in Ω . Second we show that the solution
is continuous up to the boundary by constructing a uniform upper barrier for the sequence
of regularized solutions, see Lemmas 2.2 and 2.3.
Before we prove these lemmas, we cite some useful results from [3,8]. In [3,8], the
sequence of regularized solutions has been obtained. In particular, Eq. (2) has been consid-
ered by [8] with the domain Ω , which is simply connected in R2, and open and bounded
by a piecewise C2,γ boundary for some γ ∈ (0,1). The origin lies on the boundary of
Ω at which two sides of the piecewise smooth boundary meet. In this paper, we assume
these conditions for the domain and, in addition, the uniform exterior cone condition on
the boundary of the domain. We first write the sequence of regularized problems as in [8],
(P − ξ2 + ε)Pξξ − 2ξηPξη + (P − η2 + ε)Pηη
+ 1 (ξPξ + ηPη)2 − 2(ξPξ + ηPη) = 0 in Ω, (7)P + δ
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is approximated by smooth subdomains Ωi ⊂ Ω , where Ωi ↗ Ω and i = i(ε). The exis-
tence of the solution P := Pε,δ,i ∈ C2,γ (Ω¯i) to (7) with δ = δ(ε) and 0 < γ = γ (ε) < 1
was obtained in [8]. We also note that the uniform lower barrier β(ξ2 + η2)3ω in Ωi such
that
P − (ξ2 + η2) > β(ξ2 + η2)3ω,
where both β > 0 and ω ∈ C3(Ω) ∩ C(Ω¯) with suppω ⊂ Ω¯i are independent of ε, was
constructed in [8, Lemma 2.3]. We point out that these results are still valid with δ = ε.
Thus we replace δ with ε in Eq. (7) and the rest of the paper.
Noting ρ = lnP in (6), we write (7) as a regularized equation in a divergence form
of (6),
(
1
P + ε
(
(P − ξ2 + ε)Pξ − ξηPη
))
ξ
+
(
1
P + ε
(
(P − η2 + ε)Pη − ξηPξ
))
η
+ 1
P + ε (ξPξ + ηPη) = 0 in Ω, (8)
where P := Pε ∈ C2,γ (Ω) ∩ Cγ (Ω¯) is the classical solution for (8) in the entire domain
provided the uniform exterior cone condition on the boundary (see [3, Theorem 2.1]). In
fact, the uniform lower barrier β(ξ2 + η2)3ω is still valid in the entire domain, and thus
we have strict ellipticity on each compact subset of the domain where the ellipticity is
independent of ε.
Using these results for Eq. (8), we now establish that the limiting solution P to (2) is a
classical solution and is in C2(Ω).
Lemma 2.1. The limiting weak solution P to the pressure-gradient equations satisfies
P ∈ C2(Ω).
Proof. We treat divergence equation (8) as a linear problem where the P ’s in the coeffi-
cients of the principle order terms and of the 1/P -term are known solutions.
Let K1 be an arbitrary compact subset in the domain Ω . With the uniform ellipticity,
which is due to the uniform lower barrier [8, Lemma 2.3], independent of ε on K1, we now
apply local Hölder estimates [5, Theorem 8.29], to get
‖Pε‖Cα(K2) < C(K2)
on any K2 ⊂ K1. Furthermore, by Theorems 8.32 and 6.2 in [5], we get
‖Pε‖C2,α(K3) < C(K3)
with K3 ⊂ K2. Thus according to the Arzela–Ascoli theorem, there exists a subsequence,
denoted by {Pεj }, of {Pε} such that Pεj → P in C2,α′(K3) for α′ < α. Since K1 is any
compact set of Ω , we can apply the same argument to each compact set in Ω . By a diagonal
process, we get a subsequence of {Pεj } which converges in C2loc(Ω) to the limit P ∈
C2(Ω). 
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coordinates, that is, we let r2 = ξ2 + η2 and θ = arctan(η/ξ). Then from Eq. (2), we get
(P − r2)Prr + P
r2
Pθθ + P
r
Pr + 1
P
(rPr)
2 − 2rPr = 0 (9)
with the boundary condition P = r2. Also the corresponding regularized equation is
(P − r2 + ε)Prr + P + ε
r2
Pθθ + P
r
Pr + 1
P + ε (rPr)
2 − 2rPr = 0. (10)
We now show that the limiting solution is continuous at the origin. The key idea is to
construct a uniform upper barrier near the origin.
Lemma 2.2. The limiting solution P is continuous at the origin and near the origin.
Proof. Let uε := Pε − r2. We construct an upper barrier ψ uniformly in ε so that ψ  uε
near the origin and thus ψ  u as well.
The regularized problem in terms of uε is in the form
Qεu ≡ (u + ε)urr + u + r
2 + ε
r2
uθθ + r
2
u + r2 + εu
2
r
+
(
u + r2
r
+ 4r
3
u + r2 + ε − 2r
)
ur
= −4u − 2ε + 2r2 − 4r
4
u + r2 + ε ≡ −F(u, r, ε),
where we write u = uε for notational convenience. Notice that since u  0 is bounded
uniformly in ε and the domain is bounded, there exists a positive constant F1 independent
of ε such that |F(u, r, ε)| F1.
Let us take θ0 and θ1 so that the domain is completely inside the range of [θ0, θ1]. Then
we define a function f (θ) = sinλ(θ − θ0) for θ0  θ  θ1, where λ = π/(θ1 − θ0). We
note that the function f is positive in Ω , and f = 0 at only the origin, that is, at θ = θ0 and
θ = θ1. Let us define
ψ(r, θ) = Kraf b(θ),
where 0 < a,b < 1, and K > 1 is to be determined. Then ψ(0, ·) = 0 and ψ(·, θ0) =
ψ(·, θ1) = 0. Now we show that ψ is the upper barrier. Calculation ψ with the operator Qε
yields
Qεψ  (Kraf b + ε)Ka(a − 1)ra−2f b
+ Kr
af b + r2 + ε
r2
Kra
[
b(b − 1)f b−2(f ′)2 + bf b−1f ′′]
+ (Kara−1f b)2 +
(
Kraf b + r2
r
+ 4r − 2r
)
Kara−1f b
K2r2a−2f 2b(2a2 − bλ2) +K2r2a−2f 2b−2(f ′)2b(b − 1) + 3Karaf b
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b = 1/2, and choose a such that 0 < a < min{1/2, bλ2/2}. The first two terms in the last
inequality become negative. Now the last term in the last inequality is of order O(K) since
u and the domain are bounded above.
We notice that there exist constants δ0 > 0, f0 > 0 and f1 > 0 such that f  f0 > 0
whenever θ0 + δ0  θ  θ1 − δ0 and |f ′|  f1 > 0 otherwise. Since, for θ0 + δ0  θ 
θ1−δ0, the first term in the last inequality is dominant of order O(K2) and strictly negative,
we can choose K so that Qεψ + F(u, r, ε) < 0. Also for θ ∈ (θ0, θ1) \ [θ0 + δ0, θ1 − δ0],
the second term is of order O(K2) and strictly negative. Thus, again for large K , we get
Qεψ < −F1. Therefore Qεψ + F(u, r, ε) < 0 in Ω .
By using the maximum principle argument, we now show that ψ  uε for every ε and
therefore ψ  u as well. We know that
Qεuε + F(uε, r, ε) = 0 and Qεψ + F(uε, r, ε) < 0.
Again, let us omit the superscript ε from the solutions uε for notational convenience. Note
that ψ is positive on the boundary of the domain and equals zero at the origin. Since
u = Pε − r2 is zero on the boundary, ψ − u 0 on the boundary. To show ψ > u in the
domain, let us assume that ψ − u 0 at some point X0 in the domain. Then at that point
X0 we have
(A) ψ − u 0,
(B) (ψ − u)r = (ψ − u)θ = 0,
(C) (u + ε)(ψ − u)rr + u+r2+εr2 (ψ − u)θθ  0.
With this information, at X0,
0 > Qεψ − Qεu
= (u + ε)(ψ − u)rr + u + r
2 + ε
r2
(ψ − u)θθ
+ (ψ − u)ψrr + ψ − u
r2
ψθθ + r
2(u − ψ)
(ψ + r2 + ε)(u + r2 + ε)ψ
2
r
+
(
ψ − u
r
+ 4r
3(u − ψ)
(ψ + r2 + ε)(u + r2 + ε)
)
ψr
> (u + ε)(ψ − u)rr + u + r
2 + ε
r2
(ψ − u)θθ
+ (ψ − u)ψrr + ψ − u
r2
ψθθ + ψ − u
r
ψr .
Now we show that
(ψ − u)ψrr + ψ − u
r2
ψθθ + ψ − u
r
ψr > 0.
By the choice of ψ = Kraf b , we have
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− Kra−2bf bλ2 + Kara−2f b}
= (ψ − u){Kra−2f b(a2 − bλ2) + Kra−2b(b − 1)f b−2(f ′)2}> 0
because 0 < a < min{b, bλ2/2} and b = 1/2. Thus at X0 we have
0 > (u + ε)(ψ − u)rr + u + r
2 + ε
r2
(ψ − u)θθ
which is a contradiction to (C). Therefore ψ > uε for 0 < ε < 1 in the domain. Thus ψ > u
in Ω .
By the facts u = 0 at the origin and
0 lim
z→0u(z) limz→0ψ(z) = ψ(0) = 0
for z in the (r, θ)-plane, the solution P is continuous at the origin. 
In the following lemma we show the continuity of the limiting solution on the rest of
the boundary by constructing an upper barrier locally.
Lemma 2.3. The limiting solution P is continuous on any boundary point away from the
origin.
Proof. We use the polar coordinates as in the proof of Lemma 2.2 to find a point-wise
upper barrier uniformly in ε. We let an arbitrary non-zero boundary point be X0 = (r0, θ0),
where r0 > 0, and consider a small neighborhood B = {(r, θ) ∈ Ω¯: r  r0 − ν > 0,
|θ − θ0| µ} of X0 with small constants ν > 0 and µ > 0. Let ψ = KRδ(r)+M(θ − θ0)2,
where Rδ(r0) = δ. The function R ≡ Rδ(r)  δ will be determined later. We choose the
constant M so that ψ  u on the boundary θ = θ0 ±µ and take K0 > 0 so that for K K0
we have ψ  u on r = r0 − ν.
Denoting Qε1 by a new operator, we calculate
Qε1ψ ≡ (ψ + ε)ψrr +
u + r2 + ε
r2
ψθθ + r
2
u + r2 + εψ
2
r
+
(
u + r2
r
+ 4r
3
u + r2 + ε − 2r
)
ψr
= (ψ + ε)KR′′ + (u + r
2 + ε)
r2
2M + r
2
u + r2 + εK
2(R′)2
+
(
u + r2
r
+ 4r
3
u + r2 + ε − 2r
)
KR′
K2
(
RR′′ + (R′)2)+ M0 + r21 + 1
(r0 − ν)2 2M +
(
M0 + r21
r0 − ν + 2r1
)
K|R′|
if R′′ < 0 and for r0 − ν  r  r1, where r1 = maxB r and M0 = supu. We now find a
function R  δ such that
R′′ < 0, |R′| > 0, R(r0) = δ, and RR′′ + 2(R′)2  0. (11)
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R(r) =
{
((r − r0) + δ1/b)b if r  r0,
((r0 − r) + δ1/b)b if r < r0,
for r ∈ B . Then, for r < r0, we get
RR′′ + 2(R′)2 = b(b − 1)((r0 − r) + δ1/b)2b−2 + 2b2((r0 − r) + δ1/b)2b−2 < 0
with the choice of 0 < b < 1/3 so that b(b−1)+2b2 < 0. The same calculation also holds
for r  r0 with the same choice of 0 < b < 1/3. Hence with this function R, we increase
K K0 big enough to get
Qε1ψ −K2(R′)2 +
M0 + r21 + 1
(r0 − ν)2 2M +
(
M0 + r21
r0 − ν + 2r1
)
K|R′| < −F1,
in a distributional sense.
We now consider
0 > Qε1ψ + F1 − Qεu − F
 (u + ε)(ψ − u)rr + u + r
2 + ε
r2
(ψ − u)θθ + r
2
u + r2 + ε (ψr + ur)(ψ − u)r
+
(
u + r2
r
+ 4r
3
u + r2 + ε − 2r
)
(ψ − u)r + ψrr(ψ − u).
Since ψ ∈ W∞(B) ∩ C(B¯) and ψrr < 0 a.e., we apply the weak maximum principle (see,
for example, [5, Theorem 9.1]) by treating the last inequality as linear (since u = uε is the
smooth regularized solution and 0 < r0 − ν  r  r1 in B), to ψ − u. Then we get
ψ − u inf
∂B
(ψ − u)− = 0.
In fact this inequality holds for every δ and ε, where δ and ε are independent of each other,
so we push δ and ε to zero. This completes the proof. 
Remark 2.4. The continuity up to the boundary on which the neighborhood is convex can
be also obtained by using the methods in papers [3,4].
From the results of previous lemmas, we have
Theorem 2.5. Let Ω be a simply connected domain in R2, which is open and bounded with
a piecewise C2,γ boundary for some γ ∈ (0,1). Assume the origin is on the boundary of Ω
and the domain satisfies the uniform exterior cone condition. Then the subsonic solution to
the pressure-gradient equation (2) with (4) is P ∈ C2(Ω). Furthermore, the solution P is
continuous up to the boundary.
Finally since we now have a C2(Ω) ∩ C(Ω¯)-solution, the uniqueness result follows
by [6].
550 E.H. Kim, K. Song / J. Math. Anal. Appl. 293 (2004) 541–550Corollary 2.6. If Ω is star-shaped with respect to the origin, then there is at most one
C2(Ω)∩ C(Ω¯)-solution for the pressure-gradient equations (2), (4).
Remark 2.7. We extend the result in [3] to the case that the boundary of the domain
contains the origin and that the domain is non-convex.
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